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Department of Stavistics

The <¢nhns Hepkins University

Tre concept nf "true score" lies at the heart of much of
classical mental test theery and, as mentirned in the previous paper in
this session (Finucei (1971)), is the basis of the derivatimn of
“attenuation theory" (fermulas which corrsct correlation ccefficients
for parturbing effects ~f errors »f measurensnt). So much & part of the
thinking of mental test specialists has the cencept of "true score" beccrie
{iat the intuitions and corsequences tnrat can ve derived from such a
cnilcept are trejuently applied in situvatieons where neitner the "true score
plus errer” model nor the conclusiens resulting from that nodel are
epplicable. In particular, wisapplicetion ~f the "true score" norncept
seems to be behind the cormonly held opiunicn %'t test validity cen be

increasea hy increasing test »r iic. reliability. This opinion was shown

by Lasviager {1954} vo te false in & certain stetistical medel useful in
{tem enalysis ef the dichotomously-scered items found in many aptitude tests.

Loevinger (195") named the assection which she verified in her parer "the

attenuation peredox”.

1/ Fresented at the American Edncatioral Research Assccistien 55th
Arrual Meeting, New York City, Febreary 4-7, 1971,
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The Concise Oxford Dictiorary defines "paradex" as a "statement

contrary to received opinion ... seemingly absurd though perheps really
well-founded ..., conflicting with pre-conczived noticns of what is
reasonable or poussihle”. Leevinger's (1934) "attenuation paradox” asserts
that it is possible to 'attenuste"” or reduce test validity with an increase
in test and/or averpge item reliability. Althaugh the word "attenuation"

"enrrection rer atteruwatien", the

appears both in "atteruaiirn paradox” and in
corectior. hetween these cencepts lies not so much in their use of a commen
word, but through the werning the "raradex" should give to practiticrers
who raively use the "correctinn for attenvation' formulas in inappropriate
statistical contexts.

In the present paper, we first try to indicate why the concept of
"true score" naturally leads to the belief that test validity must increase
with an increase in test and/or average item reliability, and why for the
classical single-factor model first introduced by Spearman (19Chka) this telief
is, in fact, correct. Next, we introduce the statistical model used by
Loevinger (1954) t e "ablisk the "attenuatior raradex”, and in intuitive
terms attempt to explain why the'attenuatien paradox" holds in this
particular medel. We do this by showing that high (internsl) censistency or
reliability of test scores 1s an asset in increasiug test vallidity under *ke
classical single-factor statistical model for mental tests, but can be a
liability when item scores are modelled as in the statistical medel discussed
by Loevinger., It is hoped that by this expesitien, mental test specialists
will be led to more critical appraisal of ccmmonly used techniques ard
corcepts (including the "corrections for attenuation"), and will check that
their rmethods f test construction and cempariser are consistent with their

statistical redels.
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2, THE CLASSICAL MODEL

A central aim of mental test constructien is to find a test which
assesses with meximal accuracy the extent cr level towhicha given mentel trait is
possessed by an individual or individuals, In the classical statistical
rodel of Spearman {1904%a,b), it is assumed that the level of the rental
trait in quesiion can ve measured by & single variable Y. Values of Y are
assumed to have some probability distribution aver that population of
individuals which is of interest. Withcut essential loss of generality for
this theoretical discussion, we rmay assume that Y has a mean (expectatiOH)
of zere and a variance of ore.

If we cnuld observe Y without error, there would , af codrse,
be no need for a theory »f mental tests (at ieast insofar as this theory refers
to test construction). However, in general the trait level Y is not directly
observahle - it is latent. What we observe are scceres Xl’x2""’XN or. N
items. ‘These items (sub-tests, questions, reactinn times, etc.) are assumed
to be statistically related to Y in that each item score individually can
be used to predict or estimate Y by means of statistical regression
tecrniques. For & given individual {piven value of Y), it is assumed that
the itém scores Xl’x2""’XN are (conditicnally) statistically inderendent,

ard that given Y, the 1th item score X, has (conditicral) mean ¥ and

i
(corditinnal) variance qf, 1=1, 2,...,N

The abave assumptlions relatirg the item scores Xl,Xe,...,XN, and
Y are equivalent to & single-factor statistical medel for the item scores,

with Y as th2 cormon factor and each item score X1 having equal facter

lrading on Y. Consequently, we can assert that

(1) X, =Y + By,
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where Y, E_, F_,...,BE

1t e N

2
equal to zero, and the variance of E, is Ty i=1, 2,,.,; N. The mnodel

are statistically indzpendent, each Ei has rmean

(1) is a "true score plus error” mode) fnr the item scores, and in this
redel, Y is the "true score".

Tn Justify this medel emvirically it has been necescary for
Spearran, Gulliksen {1950), and other rmental test theorists to conceive of
each item as being replicable on the sare individval in sucu & way that the
iten scores Xi and Xi en the ith item and its replicatien are assnclated
only threugh the fact that an individual brings the same mental trait level
Y to bear on the replicated items, Stated statistically, these theorists have
had to assume that en iten ceuld be raired with a suprosedly paralilel or

identical item in such a way trat the resulting item sccres have the

representation
Xi =Y + Ei’
(@)
[ ot
Xi = Y + Fi,

where Y, Ei’ Ei are indepenrdent, and Ei and Ei have the same distributien,
(Thus, Ei and Ri both have mean zero and variance oi)- Such assumptlons

are oren to criticism, both in terms of the circulariiy in definiien

required to cperaticnally define rarallel items (see Loevinger (1G47, 1957),
Ross and Lumeden {16€8)), and in terms of dificulty of practical application
(sce Finucel {1971)). However, if accepted, these assumptions imply shat if
we could infinitely replicate an item, the average of the resulting item scores
wvould equal Y, Hence, it seems that by maximizing internal consistency,

we can almost perfectly estimate Y by cheesing a test having B large

encugh collection of replicated items.

!
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Item analysis aims at chcosing items in such & way that maximwal
test validity is achieved with a minimal set of items. A mental test is thus
& choice of items frcm a certain item pool «f N items. Let T denote the
1list of indices of items chosen (for example, T might equal {1, 3, 9, 10, 12},
If the ith item is used in our test, we write 1i ¢ 7. The test score T 1is
the sum of item scores over all items in the test; heace T =7 Xi'

ieT
If there are n items, n < N, in the test, then

(3) lT=lTX=Y+~]:ZE.EY+E.
n n . n 1

Hence T/n also can be written in "true-score-plvs-ervor' form. The

"error' here is E = i T E, which is statistically independent of Y, and
ieT
has mean O and variance oo = (7 ng/ne).

lev
To measure the accuracy with which the test score serves as an
estirace of Y (i.e., the validity of the test), for theoretical purposes we
ray use the Pearscn product-moment correlation coefficient Py between T

and Y. Using formula (3) for T,

(%) Py = P(o/n)y © @+
Since Y 1is uncbservable, we cannot in practice estimate Py directly.
Various sample reasures of validity do exist (split-half validity, correlatien
with another test presumed te measure Y, etc.}. However, these are fairly
difficult to obtain in most cases. Hotrever, from formuls (3) we sze that

T/n differs from Y by an error term E which is indespendent of Y ard

haa mean O and varience 02. As 02 beceres snaller, E Dbecomes lets

and less varlable about its mean of 0. Thus Justifies as a measure

Pry

5
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of accuracy sirce 0py = l/(l+02): fncreases to 1 as g° converges to 0
(see forrwla (4)). Cn the other hand, if we concelve of replicating each

of the items in the test as ir. {2}, we can think of & replirated test witﬁ
test score T' =.Z' X = n(Y + E'). Ve can thus measure the consistency,
precisien, or géi;abiligx of our test score by seeing how well T can predict
its replicate T' (remember tha* both replicates are given to each

indivifual). A measure of this predictability is the product-moment

eorrelaticr Dt which equals

1
5 Purt T (t/a)(T'/n) T T 2

The fact that the relianility o is inversely related to the variance

1!
02 is intuitively obvious when we note that T = T' + E~E'. Since E and E'
are irdependent, the variance of E-E‘ is 202. Jlennce the smaller the
variation in the error term E (and its replicate E') is, the better able
we are to predict T from T (or T' from T). As 02 gees to 0, po,
increases to 1 (s:ze {5)), as is proper for & measure of reliability.

Comparing formulas (&) and (5), we see that

(©) by 7l

Consequently, we have verified mathemstically that in the classical Srearran
single-factor rodel, test validity incireases monotrnically with test
reliab*lity., However, this direct tie between test validity and test
reliability oeccurs because in the "true scere plus error” model satisfied by

the test score T, the error term doubles as beth an indicater of hew

T is vhen the tesi is replicated on the sawe individual,

6
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Before leaving the classical model, we rause to point out that
test construction is often dore by choosing those n  items from the item

pool which have maximum item reliabilities This practice of

PX X! °
i%i
Judging a choice of items solely by item reliabilities, rather than also by

censideration of the corvzlations between items (as would be necessary

p.
Ain
in multiple regressicn), is 2lso & consequence of the classical "true-score-

plus-error’ model (1)}. TIndeed if we calculate Px.xt and px x 2 ve find
iti i3
that
1
p ' 3 »
xixi L+ 0?
i

(1)

1

—— 3

17 1l Jlm?

" 1
=0y g p?}
. Xixi X

¢ » The extremely tight correlational structure
3 "33

so that pXiX

revealed by this last mathematical result is no% surprising, nf course,

when we recall that our mcdel is a single-factor model. Remembering that
2 2 -
n o =
iet
reliability Pyt is & function solely of the item relinbilities; namely,

o?, and making use of (5) mné (7), we find that the test

(8) O'IT' = I .

)
ieT xixi

n

n-1 +% z (o

Frem formula {8), we see that if we want to choose the best test consisting

of n 4items, we should choose the n 4items having highest reliability in our

poel of items. Approxirmating the harmonic mean [ T(l/pX X,)(l/n)].l by the
iy

iet
aritkmetic rean
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(9 == " 0,
Doyt )(ixi
in {8}, we only decrease Pop1> but obtain
(10) > n no

Crmt 2 = e
T n-1 + % (n-1)p+1

The right side of this inequality is of course, the Srearman-Brown prophecy

formula (see Firmcci (1971)) commonly used for assessing test reliability.

3. THE NORMAL OGIVE IMODEL

The classical statistical mrdel described in Section 2 implicitly
assumes that item scores are continucu. variables. There is nothing in the
model outlined in Section 2 to make this assumption necessary., Mental test
tradition, however, has assumed that the mental trait level Y 1is a
continucus randem variasble, 1Indeed, tradition further assumes that Y has
a normal distribution. Despite chullenges to this tradit.on (see, for
example, Humphreys (1956)), mrst menta) test theorists continue to adhere
to the view that mental trait levels are coutinucusly (normally)} distributed.
If this view is accepted, then a result from probability thenry tells us that

the representaticr (1) for item scores X, 1implies that X

{ must te a

i

continuous randrm variable,
For most of the types of data originally considered by Spearrar,
{tem (or sub-test) scores were continunus variables {(or cnuld de thcught of
[:l{j}:‘ as revrded-off rontltmens variables). Iwever, the basic items of modern

Aruitoxt provided by Eic:
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rental aptitude tes<s are multiple cholce questiens. These quastirns are
custerarily scored on & pass-fail, dichotrmous basis (Xi =1 or 03 op if we
correct for guessirg, X, =1 or -1/k, where % is the number of choices)
Surh item scores are cleariy not continuous, cxcept to a ridiculrusly gross
approxinstion. Hence, we mhst eitrer drnp the "true-score~plus-error” rodel
(1}, or charge our assumpti%ns atcut the centiruity of Y.
|
Orie attempt t» preserve the basic features of the Spearman mndel,

and yet retu.n the assumptiniy that Y is nermally distributed, is the normal

!

|

.

}

ogive medel, Feve, we assum® that to answer the ith item in an H-item pool
1

¢f dichotomously scored itemf, an irdividual calls upen & certain level of

aptitude X, which is avatlab;e to him at that peint for answering the ltenm,
This aptitude is assumed tn ;e related to the level Y of the underlyirg

mertal trait of interest by é single factor medel equivalert to the moedel in
(1). Hewever, it is additic?ally assuwed that the level Y ard the "error

"

!
Ei both are norzally distrituted variables, To rass “he ith item {rbtain a
score Si = 1 on the item ). the individual's level of aptitude must exceed

a difficulty level a

% othecwise, 5. = 0. Herze,
&

(1 if X, > ey,

(11) S, = |
i( 0 if Xi < ai.

Cur interest still is tn» fucurately measure Y for a given individ.al,

f

! ;
bot now the observables are sl’SE""’SN rather than Al,X2,...,X

N

|

If we plan to ?ook for a "true-scove-plus-error' mcdel for the

!
item scores, it soen becfmes apparent trat there is no way tn write the ith

item score §; in a true-score-plus-error form in sach a way that the "true”

tern depends rorctornically upen Y, the ervor term is indeperdent of Y, and

the two terms are statifitically iundererdent. For if such a representation

| 9
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exists, the average of an inf'inite number of replicaticns of tte ith item
must equal the "true score'. This limiting average, in the prasent model,
is equal to the corditiaral probsbility that the ith item is "passed” given
Y=y, or

a. -
7Y

)s

(12) P(Si = llY=Y)= 1 - é( =
i
where 2{z) is the protability that = standard N(0,1) normal variable is
less than or equal to z., The grarh of this "true score” against y is an
S-shaped curve called a "normel cgive' {which gives the mndel the name we
have assigned to it), and by locking at this graph we see that the true score
is indeed monotonic (but nen-lirear) in the mental trait level Y=y.
Unforturately, the "error" 5 - P(SfﬂJYiﬂ has {conéitienal) variance
[é((ai—y)/ci?][l—é((ai—y)/ci)] depending upor; the "true score” (12), so trat
the "error” is not independent of the "true score'. Hence, we must te pre-
rarad for cansequences of the normal cgive mocdel that seem "paradoxical” in

terms of the "true-score-plus-errcr’ model,

For example. under the norral ogive mndel threre is au "attenuation
phradox”. To demcnstrate this fact, we first peint out that items have
raximum reliability wher. their difficulty level is zero - that is, when they
heve .50 preovability of being “"rassed’. 1This assertion is true regardless of
what correlaticn tre required aptituile level X, has with the underlyirg mental
tratt level Y (gee Sitgreaves (1G61), Tucker (1SL6)}). Herce, if we forget
that we are demnling with a statistical medel in whict the "true-score-plus-
ervor” model ie r~t appreprinte, and raively apply the resulte described ir

the previocus section, we weild decice te sit the item difficulties of all of

our dterms at 0. 1his wousd drdeed siean that the test score:

10
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(13) s=" 8, R

#ould vave paxinvm reliability. Further, item reliabilities (s measured by
tte phi eccefficient between Si and its repetitinon Si) are mcnotonically
irereasirg with the "reliability" enefficiert pxix,i of the aptitude called
upon in pass the 1t8 ftem (Sitgreaves (1%AL, p. £0}). Since the validity
of the Xl's for measuring Y increases %o 1 as the “aptitutde velinhiliiy"
pXiX! ircreases to 1, this leads us tc expecl that it the avevage of the

"aptitiude velisability” rcefficients,

(%) Py T % Py x
1eT 11
increases to cne, so will the test validity Pgy*

Urfortunasely (Tucker (1S46), Icevinger (1G54), Sitgreaves (1961}),
this cenclusion is :'alse., Instead, as the average "aptitude relimbility"
EXX‘ ircreases frem O to 1, the test validity coefficient Poy T first
rises, ther. reaches a mexirum, and then drops {attenvates) es the average
"aptitude reliabili-y" EXX' contirues %o increase.

The follewing intuitive explanaticn for the phencmencn may give
insiglii into the Gifferences between the norral ogive rcdel and the classical
rcdel., First note (see Gnulliksen [1S45)), that when the average "artitude
reliebility” EXX' equals ore ard all of the item difficulties are zero, then
all of the item sccres are 1 If Y is non-negative, and all of the item
scores are O i Y 1s negative. 7Tn this case, all of the aptitudes Ii
rerfently measure Y, the item sceores are rerfectly reliatle and accurate
measures, btut what is Amctually wmeasured by the item scores Is merely the

Answer to the qiestion: "Is Y non-negative?” Here, 100 iters prowide ne

1
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more informaticn about Y than dces one item, and the informatior. provided
does no more thar identify the sign {plus or mirus) attached to the magnitude
af Y.

Cn the cther hand, if we persit ourselves to use items which are

less than perfectly reliable, and in fact assigan item-difficulties of the

form:

8y = -3,

A = a4 2

2 733
(15) . X

23 73t

a‘-i = "'.3 + 2(%:3‘1')!

= -. - 6 =
8100 = 73 3

then vhen every aptitude X, is exactly equal to ¥, i = 1,2,,.,,100, a test

3
score of § =k, 1 < kK <« 100, tells us th~. the first k item scores

81’52""’Sk ere 2all 1 and that the lact 1CC-F iten scores S S

k+1°Sks27 115990

are all Q0. %ony? Because Si = 1 if and only 1T Y > a,, and since

i

8] 285 < 1 B0 the fact that Y is greatar than ~r equal to a

= 1} implies that Y > a

J

(s for all i < j (S, =1, all i < J), whereas

i

for all 1 > 4, In other werds, S and Y

J 1
if Y < aL for scme £, then Y < By
are monotonically reicted. Further, if we knew that § = %, 1 < k « 100, we
can shew trat -3 + {2(k-1)/33) < Y < -3 + (2k/33), while § = O means that
Y <« -3, and S = 100 means that Y > 3. Clearly these 100 items, although

¢ach is less reliable tran the items whose difficulties are all zeron,

provide greater validity for measuring Y.

12
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Frem the above discussion, we see that if we know that the average

"aptitude reliability" is close to ¢n¢, ve are at a disadvantage in

Oy
terms of test validity if we must keep item difficulties the same

(ai =0, i=1,2,..,,100), even though item reliab2lity maAy be maximized.
Hence, the maxims of Section 2 provide ro guideline: iu this case. If we are
required to set all item difficulties equal to zero, then srme other

meckanism is needed to provide informatior abeut Y similar to that provided
by the spread-cut choices (15) for the ai‘s. Arazingly enough, and in contrast
to our use of the word "error", when avera-e "aptitutde reliability” is less
than ore, the "eriors" By = X,-Y provide this rechanism and allow us to
ircrease test validity. If we replace the word “error" hy "randemization”,
this result snould not surprise statisticians (who know that controlled
randemization in ermple survey and experimental design cAan improve accuracy

>f measuremerit), bul it certainly will surprise acyore who is used teo

thirking of the errer E, in the "true~-score-plus-error’ mrdel as 2 source

of lack of censisterncy and iraccuracy for measurerent nf Y, Nevertheless,

in the present mo8el a certain amournt of "error" helps improve validiuy.

Femembering that a, = & = &

1 o= eee = = 0 and that ;%X' < 1, let us in fact

100

assume for convenlerncs that pX X! = p, rll 1. lcoking back at the definition
i%i

of §; (Zauation (13),, we see that we can rewrite S1 ‘n the formn

if Y +E, >0,

>
si’{o if Y + B, < 0,
(16)
g 1 I£Y > - B
‘o if Y <-E,

i=1,2,,..,i00. .irce Y ard E, are irdererdet, (16} shews that the E's

act as & random sllecation of ftem difficulties for a rey nord) ogive mcdel

13
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in whiech the item aptitudes Xi are exactly equal to Y. &ince almest surely
the values of El’EE""’Eloo are unequal {and in fact are & savple frem &
rorral distribution with mean O and variance (1-£)/p), it seems epasonable
that thece is som? value of the ccrmon "aptitude reliability” p (or range of
values for p) where this randcm choice of item difficulties will dmprove test
validity over the fixed choice Ay = 0, all i, If p is near O, the
variance of each Ei is nearly infinite, and the randem item difficulties Ei
will be tco far spread out to vrovide much irnfrrmation about Y, (This can
also be seeu by remambering that Xi =Y + Ei’ and noting that when the
variance of Ei is near infinity, Y is tasically unobservable.) Focr p near 1,
thn variauce of each Ei is nearly O, and thus Ei varies only very little
frem its mean of 0, so that this case is essertially that of fixed item
difficulties. Fence, the value of p that will allow us to improve upen the
fixed item difficulty, perfec* reliability case, lies som=where hetween (=0
aré p = 1, lMathematically it is found that for a 100-item test, maximum test
validity of ey = .9123 occurs for an (average) "aptitude reliadility" of
p = .2268 (Sitgreaves (19%1}).

The avove discussion provides an example where an acceptaice of
"error” helps to improve accuracy of measurement. It alsc indicates that
deviation frem the classical "true-score-plus-error” medel, no matter haw
seeniingly trivial these deviitions are, may have majer consequences for the
theory and interpretation of indices of test performance. In any testing
problem, therefore, the mental test specialist weuld do better Lo base
his methods snd conclusiotis on the statistical medel, rather than trusting to
intuition obtainued frum the elnssical "tine-rcore-pins-ervor” nodel te guide

his thinking.

11
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